Abstract. We study the first passage time problem for a diffusing molecule in an enclosed region to hit a small spherical target whose surface contains many small absorbing traps. This study is motivated by two examples of cellular transport. The first is the intra-cellular process through which proteins transit from the cytosol to the interior of the nucleus through nuclear pore complexes (NPCs) that are distributed on the nuclear surface. The second is the problem of chemoreception in which cells sense their surroundings through diffusive contact with receptors distributed on the cell exterior. Using a matched asymptotic analysis in terms of small absorbing pore radius, we derive a high order expansion for the capacitance of the structured target which incorporates surface effects and gives explicit information on inter-pore interaction through a Coulomb-type discrete energy with additional logarithmic dependencies. In the large N dilute surface trap fraction limit, a single homogenized Robin boundary condition ∂nv + κv = 0 is derived in which κ depends on the total absorbing fraction, the characteristic pore scale, and parameters relating to inter-pore interactions.
1. Introduction. Many biological systems utilize diffusive transport to enable the delivery of reactants or signaling molecules to specific spatial locations where they can initiate some biological function. Depending on the particular setting, the spatial region may have a complex geometry that contains obstacles to the diffusive motion together with a heterogeneous distribution of delivery sites. The effectiveness of the diffusion mechanism in light of these factors can be understood by studying the first passage time statistics of Brownian walkers to small stationary targets. In many biological settings, the number of individual molecules is typically very large and so the mean first passage time (MFPT) is an important quantity, which has been the focus of many recent studies [1, 8, 9, 11, 14, 15, 22, 29, 32, 33, 37, 40, 41] .
One key intra-cellular process is the transport of proteins between the cell cytoplasm and the interior of the nucleus (cf. [25, 26] ). The cell nucleus is typically spherical or ellipsoidal in shape and occupies roughly 10% of the total cell volume. The nuclear surface is an impermeable double membrane that separates the chromosomes from the cell cytoplasm [43] . The transit of proteins to the interior of the nucleus is crucial to the development process and is regulated by the distribution of nuclear pore complexes (NPCs) that cover the nuclear surface [43] . The nuclear radius is roughly 4 microns, and there are estimated to be approximately N = 2000 nanopores each of estimated radii 25 nanometres (cf. [26, 36] ).
This implies that roughly 2% of the boundary of the nucleus is covered by nanopores. One aim of this study is to analyze a simple model for how the number and distribution of NPCs regulate the timescale of transport over the nuclear barrier.
A second biophysical process motivating this study is chemoreception. Cells sense their surroundings through contact with diffusing molecules at receptor sites distributed over their exterior membrane. Even if a small surface area fraction of the cell exterior is occupied by receptors, its sensing ability can be near optimal provided that the receptors are numerous and well distributed over the cell surface [4] . In this scenario, our aim is to give a detailed first principles description of how the number and spatial configuration of absorbing receptors dictates the statistics of contact events.
Motivated by these biological scenarios, we will analyze the mean first passage time (MFPT) and the standard deviation for Brownian motion in a bounded 3-D domain Ω ⊂ R 3 when there is a small, but structured, target sphere Ω ε of radius ε ≪ 1 centered at some x 0 ∈ Ω. For simplicity, we will neglect the often important effect of directed transport to the target site (cf. [25, 26] ), and instead assume that there is a simple Brownian motion to the target. The complicating factor in this problem is that the boundary ∂Ω ε of the target sphere is highly heterogeneous, of mixed Dirichlet-Neumann 1 type, and is assumed to consist of many small locally circular absorbing patches, or nanotraps, on an otherwise reflecting surface. For a Brownian particle with diffusivity D starting at x ∈ Ω\Ω ε , the MFPT w(x) for the Brownian particle to first encounter any of the absorbing surface patches is well-known to satisfy the narrow capture problem (cf. [21, 35] ) ∆w = − 1 D , x ∈ Ω\Ω ε ; ∂ n w = 0 , x ∈ ∂Ω , (1.1a) w = 0 , x ∈ ∂Ω εa ; ∂ n w = 0 , x ∈ ∂Ω εr , (1.1b) where ∂Ω εa is the multiply-connected absorbing set and ∂Ω εr is the reflecting portion of the surface of the target. Here Ω ε = x 0 + ε Ω 0 , where Ω 0 is the unit sphere centered at the origin y = 0, where y ≡ ε −1 (x − x 0 ). We write ∂Ω 0 = Γ a ∪ Γ r ,
where Γ a and Γ r are the absorbing and reflecting portions of this reference unit sphere (see Fig. 1 .1 for the geometry).
O(σ) O(σ)
Absorbing Nanotraps O(ε) In the limit ε → 0, a two-term expansion for the MFPT w(x) (cf. [10] ) (see Principal Result 2.1 in §2) is
where G m (x; x 0 ) is the Neumann Green's function of Ω with regular part R m (x 0 ) satisfying The quantity τ provides the broadest measure of the timescale for capture of a Brownian particle by the structured target sphere. The term R m (x 0 ) captures the dependence of τ on the spatial location of the target sphere in Ω, while the parameter C 0 , known as the capacitance and defined below by the local problem (1.5), encodes information on the number and spatial distribution of absorbing nanotraps on the surface of the target.
As an extension to the MFPT analysis, in §2 we follow [15] to calculate an asymptotic expansion for the standard deviation Σ of the first passage process. This new result, summarized in Principal Result 2.2 below, shows that in the region where |x − x 0 | ≫ O(ε), the first two terms in the asymptotic expansion of Σ are independent of the starting point 2 for the Brownian motion and agree precisely with the two-term asymptotics for the average MFPT τ of (1.4). This result shows that for a pure Brownian walk there is a significant spread in the distribution of first capture times about the mean.
However, the main focus of this paper is to determine the capacitance C 0 when the spherical trap has a heterogeneous distribution of absorbing sites, such as displayed in Fig. 1.1 . The capacitance C 0 is defined in terms of a canonical exterior potential-field problem with a prescribed flux at infinity, formulated as
where ∂Ω R ≡ {y ∈ R 3 | |y| = R} and Ω R contains Ω 0 . In terms of this solution, C 0 is defined by the far-field behavior
where p is the dipole moment associated with the target. We will consider the case where Ω 0 is the unit sphere that has N small non-overlapping absorbing locally circular surface nanotraps Γ a = ∪ N k=1 ∂Ω k with locations y k and radii σa k for k = 1, . . . , N , with |y j − y k | ≫ O(σ) for j = k, where σ ≪ 1. In spherical coordinates, we write 6) so that the k-th nanotrap area is
In other cases where the target is perfectly absorbing, explicit formulae for C 0 are well-known for some regular geometries such as spheres, hemispheres and ellipsoids [10] . In the simpler 2-D context, the case of small circular targets with a non-uniform partially absorbing boundary has been analyzed in [29] .
For our 3-D structured target problem (1.5), in §3 we will use the method of matched asymptotic expansions in the limit σ → 0 and for finite N to determine an explicit four-term asymptotic expansion for C 0 , which depends on the radii a k and locations y k of the centers of the nanotraps for k = 1, . . . , N . The analysis to determine C 0 is related to that done for the narrow escape problem in [11] , in that it relies on detailed knowledge of a certain surface Neumann Green's function together with the introduction of certain logarithmic switchback terms (cf. [27] ) that arise from the subdominant logarithmic singularity of this Green's function. This surface Green's function G(y, y 0 ) is the solution to
where y 0 = (sin θ 0 cos φ 0 , sin θ 0 sin φ 0 , cos θ 0 ) T , which is given explicitly by (cf. [31] , [23] )
Our main result for C 0 is given below in Principal Result 3.1 of §3. For the special case where the nanotraps have a common radius σ ≪ 1, but with an arbitrary non-overlapping spatial distribution on the surface, we will show that
where the discrete energy H(y 1 , . . . , y N ), representing both Coulombic and logarithmic inter-nanotrap interactions, is
Since on the interval 0 < µ < 2, g(µ) is a monotone decreasing, positive, and convex function, the spatial configuration {y 1 , . . . , y N } of nanotraps that minimizes H, and consequently maximizes C 0 , will be (roughly) uniformly distributed over the surface of the target sphere. This discrete optimization problem for points on the sphere is a generalization of the classical Fekete point problems of [5, 6, 18, 24, 34, 38] . In addition, as a result of the different Green's functions involved, this problem is different from the discrete optimization problem derived in [11] to minimize the average MFPT for the narrow escape problem. For finite N , in §4.1 we examine numerically the effect of both the spatial distribution of the nanotraps and the fragmentation of the nanotrap set. For the case of a single nanotrap, where H ≡ 0, in §5 an exact solution to (1.5) in terms of a dual Legendre series, inspired by [13, 41] , is derived to provide partial verification of (1.9a).
The canonical dimensionless problem (1.5) is equivalent to the well-known biophysical problem of analyzing how diffusing ligands bind to cell surface receptors on a spherical surface of radius R 0 (cf. [4] , [28] 
where the absorbing set ∂Ω a on the sphere consists of N locally circular cell surface receptor patches of a common radius a 0 ≪ 1, while ∂Ω r is the non-binding (reflecting) part of the surface of the sphere. In terms of the capacitance C, as defined by the far-field behavior (1.10a), the flux J of ligands to the surface receptors is J ≡ ∂Ωa D 0 u r r=R0 ds = 4πD 0 C.
When the entire surface is absorbing, then u = 1 − R 0 /|x|, so that C = R 0 , which yields Smoluchowski's classical result
When there is only a partial coverage by identical disk-shaped receptors on the sphere, the physically motivated flux based-analysis of Berg-Purcell [4] postulated, for a spatially uniform arrangement of such receptors, that
provided that the receptor surface area coverage f ≡ N 4 (a 0 /R 0 ) 2 is small. This effective capacitance C bp can then be used to homogenize the highly nonuniform boundary conditions (1.10b) by a uniform Robin condition D 0 ∂ n u + κu = 0 on the entire surface r = R 0 . By solving (1.10a) with this Robin condition, we readily identify that
and so using the Berg-Purcell effective capacitance (1.11a), and eliminating N in terms of f , the leakage κ is identified as
More detailed studies [2, 3, 30, 39, 44] and fittings of the leakage parameter κ in a boundary homogenization procedure for nanotraps on either the sphere or on a flat plane are discussed in §4. By taking the limit N ≫ 1 in our expression for the capacitance C 0 for a uniformly distributed configuration of nanotraps of a common radius σ, our result in §4 for the low surface nanotrap coverage limit f = O(−σ 2 log σ) ≪ 1, and when cast in dimensional form, predicts that
, where 12) and σ ≡ (a 0 /R 0 ) ≪ 1. Here d j for j = 1, . . . , 3 are coefficients in the large N -expansion of the energy H in (1.9b) for a uniform distribution of nanotraps on the sphere of the form H =
The leading term in (1.12) agrees with the Berg-Purcell result (1.11b), while the 8d 1 √ f /π term theoretically explains one of the parameter fittings in [3, 30] . A further discussion of this result and a comparison to other results in the literature, notably those in [2, 3, 30, 44] , is discussed in §4. Finally, in §6 we briefly summarize our main results and discuss a few open problems worthy of further study. 
where the Neumann Green's function G m and its regular part R m satisfy (1.3). The average MFPT τ ∼ |Ω|
based on assuming a uniform distribution of starting points x for the Brownian walk, is given in (1.4).
Next, we use the method of matched asymptotic expansions to calculate the second moment T, which satisfies (cf. [15] )
Since w = ε −1 w 0 + w 1 + · · · in the outer region, as given in Principal Result 2.1, we expand T there as
where T 0 is an unknown constant. From (2.2a), we obtain that T k for k = 1, 2 satisfies 4) subject to a singularity condition as x → x 0 . Here w k for k = 0, 1 can be identified from (2.1). In the inner region near the sphere, we expand the inner solution T (y) ≡ T(x 0 + εy), with y ≡ ε −1 (x − x 0 ), as
Upon substituting (2.5) into (2.2b) and the PDE of (2.2a), we obtain that T k for k = 0, 1 satisfies
The matching condition between the inner and outer solutions is that for x → x 0 and |y| → ∞, we have
The leading order matching condition is that T 0 → T 0 as |y| → ∞. From (2.6), and by comparing with our canonical capacitance problem (1.5) for v(y) and C 0 , we conclude that
Upon using the far-field behavior of v from (1.5c), we obtain in terms of outer variables that
Then, from (2.7) we obtain
From (2.4) with k = 1, we conclude that
Upon applying the divergence theorem to (2.10), and using w 0 = |Ω|/(4πC 0 D) from (2.1), we calculate T 0 as
The solution to (2.10) is written in terms of the Neumann Green's function G m of (1.3) as
12)
T 1 dx is a constant to be found. We then expand T 1 as x → x 0 to obtain
Upon matching to the inner solution using (2.7) it follows that T 1 satisfies (2.6) subject to the far-field behavior
as |y| → ∞, which has the solution
By using the far-field behavior (1.5c) for v, the monopole term in T 1 together with the dipole term in T 0 in (2.9) leads to the singularity behavior for T 2 that
From this singularity behavior, and together with (2.4) with k = 2, we get
By applying the divergence theorem on (2.16) and using
, we obtain
By substituting (2.17) into (2.12), and recalling (2.3), we obtain a two-term expansion for T in in the outer region
Finally, the variance of the first passage time V in the outer region is V = T − w 2 , where T and w are given in (2.18) and (2.1), respectively, while the standard deviation Σ is Σ = V 1/2 . This leads to the following main result:
Principal Result 2.2. In the limit ε → 0 of small trap radius, the variance V and standard deviation Σ = V 1/2 of the first passage time is given asymptotically in the outer region |x
where the regular part R m (x 0 ) of the Green's function satisfies (1.3).
From (2.19) we conclude that the first two terms in the expansion of the variance and standard deviation are independent of the starting point for Brownian motion; only the O(1) term, which we did not calculate, depends on x. Moreover, we conclude upon comparing (2.19) and (1.4) that the standard deviation of the first passage time is identical, up to O (1) terms, to the average MFPT τ . This new result indicates that the average MFPT may not be a reliable estimate of the time for capture, as there is always a significant spread in the distribution about the mean.
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To further illustrate this qualitative result between the MFPT and the standard deviation, suppose that the starting point for Brownian motion x is not far from x 0 . Then, since G m (x; x 0 ) > 0, we have w < τ , so that the MFPT is less than the average MFPT τ . However, from (2.19), the asymptotic approximation of the standard deviation is not reduced when x becomes closer to x 0 , which presumably reflects the fact that although the particle may start relatively close to the trap, there are always some Brownian paths that miss the target and, thereby, avoid a quick capture.
Finally, we comment on the dependence of Σ on x 0 . When Ω is a sphere of unit radius we have from [10] that
We obtain that R m (x 0 ) is monotone increasing in |x 0 |, and so the standard deviation and the average MFPT are minimized, as expected, when the trap is centered at the origin of the sphere. In terms of spherical coordinates (r, θ, φ), the Laplacian in (1.5) is
In a boundary layer in the vicinity of the nanotrap centered at y k , we introduce the local coordinate system
In terms of these local coordinates, we define the operator L by L ≡ ∂ ηη + ∂ s1s1 + ∂ s2s2 , and (3.1) becomes
As shown in Appendix A, the local behavior of the Green's function G(y; y k ) given in (1.8) as y → y k , written in terms of the coordinates (3.2), is
Then, using (A.4) of Lemma A.1 of Appendix A, which gives a two-term expansion for 1/|z| in terms of the local
, we obtain that the local behavior of G(y; y k ) as y → y k is
In view of (3.5), we will expand the inner solution near the k-th nanotrap, in terms of the inner variables (ρ, s 1 , s 2 ), as
Further terms in this inner expansion are generated systematically below. Since the nanotraps have radii O(σ), we anticipate that C 0 = O(σ), and so in the outer region away from the nanotraps, we expect that v ∼ v 0 /σ where v 0 is a constant. In this outer region, we expand the solution to (1.5) as
where v 0 is an unknown constant, and where each v j for j ≥ 1 satisfies 8) subject to certain asymptotic behaviors as y → y k for k = 1, . . . , N that are to be determined by matching. For each of these problems, we will show below that the solution will either be a constant or a superposition of Green's functions, where each nanotrap effectively introduces a Coulomb source of a certain strength. Further terms in the outer expansion are generated below, and we will need to adjust the outer expansion by certain logarithmic switchback terms (cf. [27] ).
Upon substituting (3.6) into (1.5), and using (3.3), the leading-order problem from the O(σ −2 ) terms is
subject to the matching condition that w 0 ∼ v 0 as ρ → ∞. The solution to (3.9) is
where w c is the solution to the electrified disk problem defined on the tangent plane to the sphere at y = y k by
The exact solution to this problem (see page 38 of [17] ) is
In terms of the capacitance c k = 2a k /π of the k-th nanotrap. we readily obtain the far-field behavior
Then, by using the far-field behavior (3.11d) together with the leading order behavior ρ ∼ σ −1 |y − y k |, we obtain that the near-field behavior as y → y k of the outer expansion σ
must agree with the far-field behavior of the inner expansion σ
In this way, we obtain that v 1 satisfies (3.8), subject to
In terms of G(y; y 0 ) satisfying (1.7), the solution for v 1 is
where χ 1 is a constant to be determined. Now for |y| ≫ 1, we have from Appendix A that G(y;
Therefore, from the prescribed flux condition defined by (1.5b), we determine the unknown constant v 0 as
To proceed to higher order, we expand v 1 in (3.12) as y → y k , by using the local behavior (3.5) , to obtain that
where we have defined the constant B k by
This shows that the next term in the inner expansion is O(log σ), as written in (3.6). To shed light on how the particular spatial arrangement of nanopores affects capture, we require a high order expansion which incorporates the interaction terms B k . In order to obtain a well-posed problem for v 2 , where we have a degree of freedom to impose the zero flux condition lim R→∞ ∂ΩR ∂ n v 2 ds = 0, we must incorporate a constant logarithmic switchback term (cf. [27] ) of order O(log σ) into the outer expansion. This is equivalent to decomposing the unknown χ 1 in (3.12) as
As such, with the inclusion of this switchback term, our modified outer expansion becomes
where
Upon using (3.15) for χ 1 in (3.14a), and comparing with (3.6), we obtain using (3.3) that w 1 satisfies (3.9) subject to the far-field behavior that w 1 ∼ (χ 10 − c k v0
2 ) as ρ → ∞. As such, the the exact solution for w 1 is 18) where w c is the solution (3.11c) to the electrified disk problem (3.11). By using the far-field behavior (3.11d), we then match the monopole behavior for w 1 to the term v 2 in the outer expansion (3.16) . In this way, we find that v 2 satisfies (3.8) subject to the singularity behavior
In terms of a further unknown constant χ 2 , the solution for v 2 is
Then, by imposing the no-flux condition lim R→∞ ∂ΩR ∂ n v 2 ds = 0, we get 2 ) = 0, which yields that
Then, as similar to the discussion above regarding v 1 , we must decompose χ 2 in (3.19) as
which effectively introduces a further constant switchback term σ [log(σ/2)] 2 χ 20 into the outer expansion, yielding
where v 2 is given by
We will calculate χ 20 explicitly below, while the term χ 21 will be used only to provide our error estimate for C 0 .
The intricate step in the analysis is to determine χ 11 in (3.17) which incorporates the self interaction terms B k given in (3.14b). This is done by equating the far-field behavior of w 2 as ρ → ∞ in the inner expansion (3.6) with the O (1) terms in the near-field behavior (3.14a) for v 1 . This yields that
Moreover, from substituting the inner expansion (3.6) into (3.3), and then using w 0 = v 0 (1 − w c ) to rewrite the inhomogeneous terms in the resulting PDE, we obtain that w 2 satisfies the Poisson-type problem
subject to the far-field behavior (3.24a) for w 2 as ρ → ∞.
The analysis for w 2 is very similar to that done in [11] in the context of the narrow escape problem, with the exception that η has a different sign here since we are solving exterior to the target sphere, rather than interior to a confining sphere.
In Appendix B we show that the homogeneous part of the solution for w 2 is determined by the O(1) terms in the far-field behavior (3.24a), while the remaining terms match to particular solutions arising from certain inhomogeneous terms on the right-hand side of (3.24b). As summarized in Appendix B, the appropriate decomposition for w 2 is 25) where w c satisfies (3.11). Here w 2o is the solution to
26a)
while w 2e satisfies
27a)
The key issue in the analysis of w 2 is to identify which terms in the decomposition (3.25) can generate monopole terms of the form a/ρ in the far-field behavior as ρ → ∞. Such terms will contribute to the determination of χ 11 from a solvability condition applied to the problem for the outer correction v 3 in (3.16). Clearly, the first term (χ 11 + B k ) (1 − w c ) in (3.25) yields a monopole term from the far-field behavior of w c given in (3.11d). However, by solving the problems for w 2e and w 2o exactly as in Lemma B.1 and Lemma B.2 of Appendix B, respectively, we find that of these two terms only w 2e yields a monopole term, and it has the far-field behavior (see (B.4) of Appendix B)
In this way, the far-field behavior of w 2 from (3.25) is
Since ρ ∼ σ −1 |y − y k |, the monopole term for w 2 generates a singularity behavior for the correction term v 3 in the outer expansion (3.16). We find that v 3 satisfies (3.8) subject to the singularity behavior
. . , N . By imposing the no far-field flux condition lim R→∞ ∂ΩR ∂ n v 3 ds = 0, we determine χ 11 as
where B k is defined in (3.14b). Upon substituting (3.14b) into (3.30), we determine χ 11 as
Here we have used the reciprocity relation G(y j ; y k ) = G(y k ; y j ) of the Green's function (1.8).
Finally, as similar to the determination of χ 10 , we can calculate the constant χ 20 in (3.21). This calculation, not performed for the narrow escape problem in [11] , requires the introduction of further correction terms in the inner and outer expansion. The modified outer expansion is now given by
while the modified form of the inner expansion is
The O(log σ) local behavior of v 2 , together with the switchback term in (3.32) proportional to χ 20 , yields that w 3 must have the far-field behavior
as ρ → ∞. Then, upon substituting (3.33) into (3.1), we obtain that Lw 3 = 0, so that
By using w c ∼ c k /ρ as ρ → ∞, the far-field behavior of w 3 then yields a singularity condition for the outer correction v 4 in (3.32). We find that v 4 satisfies (3.8), subject to the singularity condition Finally, to identify the capacitance C 0 we let |y| → ∞ in (3.32), and compare the resulting expression with (1.5c). Since lim R→∞ ∂ΩR ∂ n v j ds = −4πδ j,1 , where δ j,1 is the Kronecker symbol, we readily identify that
Upon using our previous results for v 0 , χ 10 , χ 11 , and χ 20 from (3.13), (3.20) , (3.31), and (3.36), we obtain our main result for the capacitance C 0 of the structured spherical target.
Principal Result 3.1. In the limit σ → 0, the capacitance C 0 , defined in (1.5), for the target unit sphere that contains N non-overlapping locally circular nanotraps of radii σa k for k = 1, . . . , N , centered at y k for k = 1, . . . , N on its boundary, is given asymptotically by
(3.37a)
Here c k = 2a k /π is the capacitance of the k-th circular nanotrap, while b k , ζ, and F(y 1 , . . . , y N ) are defined by
where the Green's interaction term G(y j ; y k ) can be calculated using (1.8).
As a remark, we can use the more refined far-field behavior of G(y; y 0 ) given in (A.8) to calculate the leading-order behavior in σ of the dipole term p in (1.5c). However, since this term was not needed in §2 we forgo this calculation.
In (3.37a), the discrete energy F(y 1 , . . . , y N ) depends on the spatial distribution of the nanotraps and contributes to C 0 a weighted sum of the Green's interaction term G(y j ; y k ). As two nanotraps become closer, the term G(y j ; y k ) increases, which then has the effect of decreasing C 0 . We remark that the term ζ in (3.37a) vanishes when the nanotraps have a common radii, and so effectively it measures the spread in the distribution of the sizes of the nanotraps.
For the special case where a k = 1 for k = 1, . . . , N , in which the nanotraps have a common radius σ, we simply set c k = 2/π and ζ = 0 in (3.37). Then, (3.37a) reduces to
where the interaction function H(y 1 , . . . , y N ) defined by F(y 1 , . . . ,
For the special case N = 1, the expression (3.38a) simplifies to
As a partial confirmation of our results, we will derive (3.39) in §5 by examining the asymptotics of a certain exact solution that is available when there is only a single nanotrap.
The expression in Principal Result 3.1, together with (3.38), are two of the main results of this paper. In §4 we use (3.38) to derive a new effective Robin boundary condition on the sphere that corresponds to the homogenized limit N = O(− log σ) ≫ 1 where the nanotraps are uniformly distributed over the surface of the sphere. In §4.1 we use (3.38) to numerically explore the effect on C 0 of both the fragmentation of the nanotrap set and of the spatial distribution of the nanotraps on the boundary of the target sphere.
4. The Effective Robin Boundary Condition: A Scaling Law for Large N . In this section we use our main result (3.38) to derive a scaling law for 1/C 0 for the case where N = O(− log σ) ≫ 1 nanotraps are equally distributed over the surface of the sphere. In this low trap surface area fraction limit, we will derive from first principles a "homogenized" effective boundary condition of the form ∂ n v + κv = 0 to be used on ∂Ω 0 , for some κ to be determined. Our result is then compared with previous results in the literature. We remark that in the context of the nuclear-pore structure, the nuclear radius is roughly 4 microns, and there are estimated to be approximately N = 2000 nanopores each of estimated radii 25 nanometres (cf. [26, 36] ). This yields that σ = 6.25 × 10 −3 , and a surface area fraction f of f = N σ 2 /4 ≈ 0.0195, providing only a small 2% coverage of the boundary of the nucleus by nanopores.
We first consider some properties of the discrete energy in (3.38b). Since 0 < |y j − y k | ≤ 2 for j = k, we have
where g(µ) on 0 < µ < 2, with g(µ) → +∞ as µ → 0 satisfies
Since g(2) > 0, we conclude that g(µ) is a positive, monotone decreasing, and convex function on 0 < µ ≤ 2 (see Fig. 4.1(a) below). This indicates that the optimal configuration {y 1 , . . . , y N } of nanotraps that minimizes H(y 1 , . . . , y N ) should be, in some sense, "uniformly distributed" over the sphere, in order that the nanotraps are as far apart as possible. From (3.38a), it follows that the capacitance C 0 is maximized, and the corresponding average MFPT from (1.4) minimized, at the specific nanotrap configuration {y 1 . . . , y N } that globally minimizes the discrete energy in (4.1a).
Since we anticipate that the optimal nanotrap configuration will be uniformly spaced over the sphere, we seek a scaling law for H as N → ∞ for such a uniformly distributed arrangement. This scaling law is readily derived using the mean-field approximation method of [18] and [5] . Since a full discussion of this method was also given in [11] (see also [12] ), we only give the main results here. For this scaling law, it is convenient to decompose H into three terms as
The expression in (4.2) differs from that for the narrow escape problem [11] by the sign of the middle term in (4.2a), so that, in contrast to [11] , H is no longer the sum of three convex energies. We remark that the classic discrete variational problems of minimizing either the Coulomb energy H 1 or the logarithmic energy H 2 on the unit sphere has a long history in approximation theory (see [5, 6, 18, 24, 34, 38] ). For these energies, the optimal configurations for large N are hexagonal patterns, with some defects consisting of pentagonal faces that are needed to tessellate the sphere.
For a uniform distribution of points on the sphere, we have for large N that (cf. [11] )
which from (4.2a) yields the following formal scaling law for uniformly distributed nanotraps as N → ∞:
However, since this mean-field approximation completely disregards the details of the spatial distribution of points on the sphere, it does not provide a reliable scaling law for the true globally minimum energy configuration. The highest powers of N obtained by this approximation are presumably theoretically correct in analogy with previous rigorous results for the classical Coulomb H 1 or logarithmic H 2 energies (see [24] and [34] ). However, the coefficients of the lower-order terms should depend on the details of the optimal nanotrap arrangement. In particular, from a numerical computation of N ≤ 200 particles, in [34] it was shown that the optimal energy for H 1 on the sphere can be well-fitted with
As emphasized in [18] , the coefficient of N 3/2 should be essentially independent of whether the points are arranged on a sphere or on a flat plane. Therefore, neglecting the minor effect due to defects in the hexagonal point pattern on the sphere, the coefficient of N 3/2 should be very closely approximated by that for a hexagonal arrangement of points on the flat plane. Regarding the optimality of H 2 , it was proved in [24] that the coefficients of N 2 and the N log N in the formal scaling law hold for the optimal H 2 , and it was conjectured in [34] that the next term is proportional to N . This has now been proved recently in Theorem 1.2 of [38] .
Based on these qualitative remarks, and in the absence of any rigorous results for H, we postulate in terms of some unknown coefficients d 1 , d 2 and d 3 , that the optimal energy H min for N → ∞ has the form Upon substituting (4.6) into (3.38a) we obtain that
In order to preserve the asymptotic ordering consistent with our derivation of (3.38), we need to assume that N ≤ O(− log σ) so that, at worst, the second and third terms on the right-hand side of (4.7) are of comparable order. With this assumption, (4.7) can be written as
To obtain the final form of our scaling law, we introduce the surface area fraction of traps f , defined by f = πN σ 2 /(4π) = N σ 2 /4. Upon eliminating N in (4.8), we obtain our desired scaling law
where β ≡ 4e −3/2 e 4d2 , which is asymptotically valid provided that f = O(−σ 2 log σ). Finally, to derive our effective
homogenized Robin boundary condition, we introduce v h satisfying
where we replace C h with C 0 in (4.9). The exact v h (y) = |y|
, where 11) provided that the nanotrap surface fraction satisfies f = O(−σ 2 log σ). In our main scaling law results (4.9) and (4.11), the coefficients d i for i = 1, 2, 3, as defined in the energy expansion (4.6), can either correspond to those in the formal scaling law (4.4) for a uniform arrangement of points or from the true globally minimal energy for H. We importantly remark, as discussed following (4.5) above that that the 8d 1 √ f /π term in (4.11) is closely associated with inter-nanotrap interactions for a uniform planar arrangement of nanotraps on a flat surface, while the other correction terms in (4.11) are intrinsically due to curvature effects of the sphere.
We now compare our scaling law for κ in (4.11) with some other results in the literature [3, 4, 30, 44] derived from either physical considerations or parameter fittings. In dimensionless form, the Berg-Purcell result (cf. [4] ) in (1.11) is 12) and so agrees with the leading terms in our results (4.9) and (4.11). We conclude that the Berg-Purcell result (1.11) holds in the small nanotrap surface fraction limit f = O(−σ 2 log σ) ≪ 1. In [44] , the Berg-Purcell result (4.12) was modified based on physical considerations so as to explicitly account for the reduction of the surface area due to nanotraps, so that
However, as seen by comparing (4.13) with (4.11) the small f correction of 1/(1 − f ) ≈ 1 + f + · · · in (4.13) is subdominant to the more significant effect of intertrap interactions captured by the correction terms in (4.11). For a periodic arrangement of nanotraps on the surface of an infinite planar boundary, in [3, 30] the dimensionless leakage κ for the corresponding half-space version of (1.5) was closely fitted to full numerical results by
For a hexagonal array of nanotraps, the coefficients A and B were estimated in [2] from stochastic simulations as A ≈ 1.37
and B ≈ 1.259 in [3] , and more accurately in [30] from a PDE-based finite-difference numerical method as A ≈ 1.49 and B ≈ 0.92 in [30] . To our knowledge there has been no such detailed parameter fittings of κ for nanotraps on the sphere.
To compare (4.14) for planar nanotraps with our result (4.11) for nanotraps on the sphere, we let f ≪ 1 in (4.14) and (4.11) and neglect the logarithmic terms in (4.11) due to the spherical surface. We get κ m ≈ 4f /(πσ)(1 + A √ f ), while using the Binomial approximation our result (4.11) yields κ ≈ 4f /(πσ) 1 + 8d 1 √ f /π . If we use the value d 1 ≈ 0.55230
for the optimal hexagonal-type pattern on the sphere, we calculate 8d 1 /π ≈ 1.41, which is remarkably close to the value A predicted in [3] and [30] for (4.14). The minor difference in the predicted value is either due to the minor defects of the hexagonal pattern on the sphere or small numerical errors involved with either fitting the optimal discrete energy or the simulations in [3] and [30] . In any event, our expression (4.11) provides a "first principles" derivation of the effective leakage for the sphere, where the only parameters are associated with the large N -asymptotics of the discrete energy H.
The Effect of Trap Locations and Trap
Fragmentation on the Capacitance. In this section we investigate the effect of nanotrap fragmentation on the capacitance of the spherical target under the assumption that the total absorbing surface fraction f is fixed and divided amongst N identical nanotraps traps, of common radius σ = 2 f /N .
To generate roughly equidistant points distributed on the sphere, we use the spiral Fibonacci points (cf. [19, 38, 42] and Appendix C) for different values of N to generate the centers of the locally circular nanotraps. We avoid comparisons using random uniform pore centers since configurations with a finite radius σ will almost certainly generate over-lapping patches for large enough N , thus violating the assumptions leading to (3.38) . Table 4 .1 for different N while maintaining f = 0.02, i.e. a 2% nanotrap coverage of the sphere. We observe that even at N = 10, 20, our scaling law accurately predicts κ 0 , and that the effect of curvature at smaller values of N is more important than at higher values of N , as expected.
Asymptotics of an Exact Solution for a Single Boundary
Trap. In this section we derive the result (3.39) for the capacitance of a spherical target of unit radius that has a single locally circular microtrap of radius σ ≪ 1. This is accomplished by solving (1.5) exactly in the form of a dual Legendre series. We center the microtrap at the north pole, so that with azimuthal symmetry (1.5) reduces to determining v(r, θ) that satisfies
Our goal is to calculate the constant A 0 from this problem, which determines the capacitance as C 0 = −1/A 0 . The series solution of (5.1) has a Legendre expansion of the form
By applying the boundary conditions we obtain a dual Legendre Series for the unknown coefficients A n , written as
To solve this dual series problem, we follow the methodology of (cf. [13, 41] ). We first rescale the coefficients using
so as to obtain the related dual series
, n ≥ 1 .
There are three key results and identities that are needed in order to obtain the solution for the coefficients b n . The first is the solution of the following integral equation:
The two remaining identities required in the analysis are
where H(z) is the Heaviside function. The first step is to formulate a Legendre expansion for the solution on the Dirichlet portion of the domain:
Then, by inverting this expansion we obtain that
Substituting this expression for b n into the first equation of (5.5) gives the equation
The identities (5.7) can be applied to sum the series
and so, after exchanging the order of integration, I 1 becomes Then, by using (5.12) andĤ(u) = J(u) −Ĝ(u, σ), we obtain that 
